Imperial/TP/97-98/039 

NSF-ITP-98-049 
hep-th/9804083 



D = A Super Yang-Mills, D = 5 gauged supergravity, 
a^ ■ and = 4 conformal supergravity 

^ : 
<: 

^ ■ Hong Liu^* and A. A. Tseytlin^'2*t 

^ : 

^ I ^ Theoretical Physics Group, Blackett Laboratory, 

(X) ' Imperial College, London SW7 2BZ, U.K. 

. Institute of Theoretical Physics, University of California, 

O : Santa Barbara, CA93106, USA 

o^ : 

^ \ Abstract 

^ ' We consider the role of A/" = 4 conformal supergravity in the duality relation between 

A/" = 4 SYM theory and D = 5 gauged supergravity expanded near the Anti de Sitter back- 
' ground. We discuss the structure of the SYM effective action in the conformal supergravity 
k> ! background, in particular, terms related to conformal anomaly. Solving the leading-order 
j_| ' Dirichlet problem for the metric perturbation in AdS background we explicitly compute 
I the bilinear graviton term in the D = 5 Einstein action, demonstrating its equivalence 
to the linearized Weyl tensor squared part of the gravitational effective action induced 
by SYM theory. We also compute the graviton-dilaton-dilaton 3-point function which is 
found to have the form consistent with conformal invariance of the boundary theory. 



April 1998 

* e-mail address: hong.liu@ic.ac.uk 

* e-mail address: tseytlin@ic.ac.uk 

^ Also at Lebedev Physics Institute, Moscow. 



1. Introduction 



The aim of tliis paper is to try to ctieck and clarify further the recent proposal 
about the relation between the generating functional for correlators of marginal operators 
of large four-dimensional A/" = 4 super Yang-Mills (SYM) theory and the classical 
action of five-dimensional Af = 8 gauged supergravity (GSG) expanded near AdSs vacuum 
and evaluated on the solutions with the Dirichlet boundary conditions. This is a specific 
realisation of the duality conjecture of (based on earlier work of [^|5|,|^,0,^ ) . 

One of the important points of our discussion will be the role of D = 4,A/' = 4 
conformal supergravity (GSG) P, p!0| . [Tl]] in the relation between the D = 4,Af = 4 SYM 
and D = 5,]^ = 8 GSG theories.0 The relevance of the conformal supergravity in this 
context was already noted in |T^. 

Goupling SYM theory to GSG multiplet and integrating over the SYM fields in a 
way preserving general covariance one finds the effective action W which depends on the 
GSG fields as well as on the fields of the conformal anomaly multiplet. If one is interested 
only in relating the derivatives of W to the correlation functions of marginal operators of 
SYM theory viewed as a conformal theory in flat space, the terms involving anomalous 
degrees of freedom may be separated out and ignored. We believe, however, that there 
is a broader picture which goes beyond the correspondence between correlators of the 
boundary conformal theory and GSG action in the AdS background in which the partition 
function Z = of the SYM theory in a supergravity background should be given a more 
fundamental interpretation than just a formal sum of conformal field theory correlators 
multiplied by auxiliary sources. In particular (by analogy with familiar 2d case) Z should 
be computed in a way preserving general (super) covariance and thus including non-linear 
couplings to the supergravity fields (corresponding to contact terms in the correlators). 

Indeed, in type IIB string theory the A/" = 4 SYM theory appears (as the leading term 
in the Born-Infeld action) in the description of D3-branes and thus, in general, is coupled 
to the fields of D = 10 type IIB supergravity multiplet. The fields of the D = 4 GSG which 
naturally couple to D = 4 SYM theory may be interpreted as a particular truncation of 
the D = 10 type IIB multiplet. 



^ Though the conformal supergravity does not appear directly from string theory and so far 
is only a formal 'bridge' between SYM and GSG theories, let us still recall that the TV = 4 GSG 
(coupled to four TV = 4 SYM multiplets) is remarkable in being a unique locally superconformal 



4-dimensional theory which is ultraviolet-finite 1 12, 11, 13] and thus (conformal and axial) anomaly 
free ll|,|5|. 
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We shall mostly concentrate on the term in the SYM effective action W which is 
quadratic in the conformal supergravity fields. The imaginary part of this term is re- 
lated to the classical absorption cross-section of certain type IIB supergravity modes 
by D3-brane. The conformal supergravity gives a universal supersymmetric description 
of different marginal (or 'minimal', i.e. dilaton, longitudinal graviton, etc.) cases dis- 
cussed in Non-marginal cases [|T3,0 (see also [|T^) are not directly described by 
coupling of CSG to SYM. It is natural to expect that the conformal supergravity multiplet 
(supplemented by the anomalous degrees of freedom) can be coupled to the full D3-brane 
Born-Infeld action since the latter can be coupled to the type IIB multiplet .i 

We shall show that the leading gravitational term in W (quadratic in the linearised 
Weyl tensor) does indeed emerge from the D = 5 Einstein action when it is evaluated 
on the solution of the Dirichlet problem in the AdSs space. Namely, we shall explicitly 
compute the term bilinear in the graviton perturbation in the Einstein part of the GSG 
action, clarifying some subtleties (absent in simpler cases of scalar and vector 
perturbations) involved in establishing its relation with the correlator of the two energy- 
momentum tensors of SYM theory.i In particular, we shall find that in order to guarantee 
the conformal invariance of the supergravity expression one should start with the D = 5 
action containing an additional boundary (counter)term proportional to the volume of the 
boundary. The leading-order solution of the Dirichlet problem for the graviton we shall 
find allows one to compute also the 3-point functions involving gravitons. In particular, we 
shall determine the graviton-dilaton-dilaton function complementing the recently obtained 
3-scalar |]2^,|4|,|25| and 3-vector and scalar-scalar-vector results. 

In section 2 we shall review some aspects of the SYM effective action in the conformal 
supergravity background. In section 3 we shall discuss the correspondence between the 
SYM effective action in the CSG background and the on-shell value of the D = 5 gauged 
supergravity action suggested in and its possible tests. In section 4 we shall compute 
the term bilinear in the gravitational perturbation in the D = 5 Einstein action and 
demonstrate its equivalence with the corresponding term in the D = 4 effective action. In 
section 5 we shall apply the results of section 4 to compute the dilaton-dilaton-graviton 
term in the D = 5 action which is found to be consistent with the conformal invariance of 
the boundary theory. 



^ The BI action for a D3-brane probe in a background of large A'^ D3-brane source (or in 
AdSs X space) has (spontaneously broken) conformal invariance [^,2C] so it is likely that it 



may be coupled to the CSG fields (viewed, e.g., as boundary values of the D = 5 GSG fields). 
Alternatively, this Z) = 4 BI action (F"^ + ■^F'^ + •••) can be interpreted |2f ,22| as the leading 
large A'' part of the quantum SYM effective action in the background with a non-zero value of the 
scalar field X. If one includes in addition the conformal supergravity background the resulting 
quantum large A'^ SYM effective action may represent the coupling of CSG to BI action. 

^ One component of this correlator was already discussed in [||]. Our aim will be to see how 
the full expression comes out of the GSG action in a direct way. 
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2. Effective action of A/" = 4, D = 4 SYM theory in M = 4, D = 4 conformal 
supergravity background 

The conformaUy invariant A/" = 4 super Yang-Mills theory can be coupled in a natural 
way to A/" = 4 conformal supergravity (or Weyl) multiplet. The action describing A/" = 4 
SYM in a background of A/" = 4 CSG was found at the linearised level in [jl^ and at 
the full non-linear level in The leading terms in the Lagrangian for a single Af = 4 
vector multiplet {Am,ipi, Xij) coupled in a SU{1,1) covariant way to the fields of CSG 



(bosons e^, V^j, (p, T^^, Eij.V^^^ and fermions t/'^, A^, x'tji^ can be written in the following 
schematic form 

- X,,F+--r^-, -fDg(X^^X,, - \5l5l\X\'') + ... + h.c. . (2.1) 

Here the complex scalar 99 was set equal to C -|- ie~^ (this scalar is present also in the 
D = 4,M = 4 Poincare and D = 10, A/" = 2 type IIB supergravity, and, from the string 
theory point of view, is a combination of the dilaton and the RR scalar) .i 

The resulting action /sym(^, Q) = f d'^x^/gLsYM^ where A stands for the fields of the 
SYM multiplet and G for the off-shell fields of the CSG multiplet,i may be viewed as the 
A/" = 4 locally superconformal invariant generalisation of the standard coupling of the YM 
theory to the metric ^/gg'^^g^^Fj^riFki- 

Let us consider the SYM partition function in external CSG background 

Z{g) = e-^(^) ^ j e-^s^^(^'^) . (2.2) 



^ In sections 2 and 3 m,n = 0,1,2,3 are the space-time and i,j = 1,2,3,4 are the S'[/(4) 
indices. 

^ SU{1, 1) or SL{2,R) is a symmetry of the SYM-CSG coupling if the transformation of the 



CSG scalar (p is accompaneed by the duahty rotation of the SYM vectors [10,26]. This symmetry 



should be a manifest off-shell symmetry of the CSG action under which only the scalar (f is 



transforming. Let us recall also that the CSG theory in 10 dimensions [27| contains the same 
fields as the (dual version oi) Af = 1, D = 10 supergravity (e^, ^Mi...A'/6) ^5 V'a/, x) but the real 
scalar $ and the Majorana spinor x &re subject to differential constraints. The D = 4 CSG 
scalar (p originates upon dimensional reduction from the real D = 10 scalar $ and a component 

of AMi...Me- 

^ We assume that Q include also the conformal 'gauge' or 'anomalous' degrees of freedom (the 
conformal factor of the metric and its superpartners) which decouple at the classical level. 
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The classical action /sym(-^i G) is invariant under the local superconformal transformations 
but this is no longer true for the effective action W{Q) (computed in a generally covariant 
and supersymmetric way): it will also depend on the 'anomalous' parts of the CSG fields 
Q. While the A/" = 4 SYM theory is finite in fiat space, it may still have divergences when 
coupled to external fields. @ 

The divergent part of W which is superconformally invariant is nothing but the action 
of the Af — 4 conformal supergravityl 



W = Woo + Wiin, (2.3) 

W^ = -i3lnMcsG, /5=i(i^' i^ = N\ (2.4) 
-^CSG = j d'^Xy/g LcsG , (2.5) 

LcQG = CmnkiC^''''' - R*R* + 2F]^'^{V)Fl^^{V) 
+ 4[dV*^V - 2(i?"^" - \g'^'^R)D^i^*D,,ip] 

+... + V'^i^iV'lj + fermionic terms . 

The kinetic terms for the fermions i'ln^Srnn'^in + A^AsA^ + Xijl^DmX^k i like the kinetic 
terms for the bosons, contain the Weyl-invariant differential operators Ap = {^'^DmY + 

^ Equivalently, the correlators of composite operators may contain divergences. They may 
be defined using special (normal-ordering, etc.) prescriptions to be consistent with conformal 
invariance of the flat-space SYM theory, but this may break the general covariance of the SYM- 
CSG coupling. The analogy with the 2d case is only a partial one since in D = 4 the conformal 
group is finite-dimensional and thus is very different from general covariance. 

^ Here A is an UV cutoff. Because of supersymmetry the only non-vanishing divergence is 
logarithmic one. It is natural to include the total derivative (Euler density) term R* R* in the 
CSG action since then the full divergence and anomaly of the SYM theory is determined simply 
by the CSG action. The coefficient of the D^R term in the conformal anomaly (see below) 
is ambiguous. If one defines the Weyl tensor in 4 dimensions (as we are assuming here) this 
coefficient automatically cancels out for the TV = 4 SYM multiplet. It is non-zero if one defines 
the Weyl tensor in 4 — e dimensions as in In that case one is to add the term ^D^R to the 
q2 _ /^*/^* — 2(i?^„ — ^R^) combination in the CSG action. 
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... V is the number of vector multiplets, i.e. A^^ in the U{N) or large N SU{N) SYM 
case. The UV divergence ( |2.4|) is directly related to the conformal anomaly (assuming, of 
course, that the UV cutoff, e.g., gmn^x'^ ^x'^ > preserves general covariance), 

<T->=^^ = -(3LcsG. (2.6) 



The one-loop coefficient here can be found by summing the contributions [03 of the fields of 



the SYM multiplet. Since the conformal anomaly is in the same supersymmetry multiplet 
with the axial SU (4) anomaly 

5W 

Dmj^ = pF^-iV)F:;,^iV) , (2.7) 

which should receive only the one-loop contribution, it is natural to expect that in the 
present Af = 4 SYM case the above one-loop expression for Woo (|2.5|) (and thus for the 
anomalous part of W discussed below) is actually exact to all loop orders [ll^,|6[] . 
The dependence of the finite part Wgn of the effective action 

Wfin = Wanom + Wi^^ 

on the anomalous degrees of freedom can be determined by integrating the anomaly re- 



lations as in the 2d case ||2^. The dependence of Wanom on the conformal factor of the 
metric a was found in [0. This part of the action (which is non-local when expressed in 
terms of the original unconstrained metric) takes the following explicit form0 

W^anom(^) = -2(3 J d^x^ {R^^ - ^R^ + F^^ + 2^V*^V + -) ^ (2-8) 



9 



The action of TV = 4 CSG was originally found only to the quadratic order in the fields 
[IC]. Its dependence on the metric can be determined exactly from the condition of local Weyl 



invariance |12,11]. The SU{1,1) invariant version of TV = 4 CSG is the 'minimal' one, i.e. its 
action cannot contain scalar-vector h{ip)F^ and scalar- Weyl f{(p)C'^ couplings (which are not ruled 
out on the basis of Weyl invariance only). Here we ignore higher-order terms in the fields (since 
the explicit SU{1, 1) invariant form of the scalar term is not known) and so that if is assumed to 
be equal simply to C — icj). 

We set gmn = e^^gmn, with g subject to the conformal gauge condition Rig) = 0, i.e. 
e'^ = 1 — ^{—D^ + ^R)^^ R. We specify the expression in [ 14 1 to the present TV = 4 SYM case where 
we do not introduce the D^R term in the conformal anomaly. Equivalent (but corresponding to 
a different splitting of the full W into the anomalous and conformally-invariant parts) non-local 
expression for W^nom has the form Q J{C^ - R* R* + ^D^R + F^ + ...)A^^{R*R* - ^D^R), 
where A4 is the 4-th order conformally-invariant scalar operator [jl2|, i.e. the kinetic operator of 
in (P). 
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Here dots stand for terms depending on other CSG fields (wfiich are tfie same as in tlie 
CSG Lagrangian as can be seen by replacing A by Ae'^ in the divergent part of the effective 
action in ( |2.3D ). 

Similarly, integrating the SU{4:) axial anomaly relation one finds that Wanom contains 
the term 

W^anom(V^) = j F'^^ {V) F^^{V) D-^D^V^ + ... . (2.9) 

The terms quadratic in the field strengths (i.e. the leading terms in the weak-field expan- 
sion) which are directly related to the divergent and conformal anomaly parts of W can 
be written in the following covariant form0 



W2 = lP 



+ 2F-'^ln(-^)F^^-f4DV*M-S^)^V + 



A2 



(2.10) 



For gr 



e'^'^gmn the term in (|2.10|) which is linear in a is indeed the same as in 



n 



4,2) 



As already mentioned above, the imaginary part of the quadratic (p Inp 
term in this effective action (or discontinuity of the 2-point correlation function of the 
corresponding operators in the SYM theory) is related to the classical D3-brane absorption 
of dilatons, gravitons and other 'minimally' coupled CSG fields (or certain parts of the 
original type IIB supergravity fields). 



3. D = 4 Super Yang-Mills — D = 5 gauged supergravity relation 

According to the suggestion of in the large N, Qym-^ ^ ^ limit @ of SYM 

theory one should have the following equality 

WiG) = iGsaiGiG)] (3.1) 



Here —D^ stands for a Laplacian which in general contains also curvature terms. Contribu- 
tions of higher than second order in curvatures are much more complicated p2| . Similar quadratic 
action was also discussed in connection with two-point and three-point correlation functions of 4d 



conformally invariant theories in [33|. 



6 



between the SYM effective action W{Q) in a conformal supergravity backgrounded and 
the action Igsg[G{G)] of the D = 5, Af = 8 gauged supergravity |Q evaluated on the 



classical solution with the boundary values of the D = 5 fields G being related to the 
D = 4 CSG fields As was pointed out in 0, the IR divergences in the GSG action on 
AdSs background are related to divergences and anomalies in the SYM effective. The UV 
cutoff A in SYM theory is related to the distance to the boundary of AdSs boundary in 
the picture of (or to the radius of AdSs in the picture of [|l| which may be more natural 
in the context of making connection to the full D3-brane geometry). 

The relation ( |3.1| ) was demonstrated at the level of the quadratic terms (2-point func- 
tions) in scalars and vectors 0. The scalar / (i^Xy^(9^0)^ and vector / d^x^/gF^^ 
terms in the GSG action were shown to lead to the boundary terms J d'^x (f)d^lii^^(p 
and / d'^x F^^ln ^j^Fmn = ~2 J d'^x V^d'^ In ^j^V^, in agreement with the structure of 

Below we shall consider a similar test for the term which is quadratic in the pertur- 
bation of the metric. It turns out that to ensure that only the transverse traceless part 
of the graviton /i^^ is coupled at the boundary one needs to make a special choice of 
the boundary term in the GSG action. We shall demonstrate in section 4 that the D = 5 
Einstein-l-cosmological-l-boundary term expanded near AdSs background and evaluated on 
the solution of the Dirichlet problem to the 0{h?) order reproduces the quadratic term in 
the Weyl tensor part of ( f2.1U| ), i.e. 

C^r^ki 1^ Z^c_H = ia^/.^^ In ^d^hi^ + 0{h^) . (3.2) 

It remains an interesting problem to see how the full non-linear expression for the local 
(divergent) D = 4 CSG part ( |2.4|) of the SYM effective action W can emerge from the 
D = 5 GSG action. 

The finite anomalous part VFanom of the SYM action which is closely related to 
the local divergent part Woo starts with terms which are cubic in the fields 



We consider only the coupling to the marginal operators (and ignore also possible quantum 
corrections on the supergravity side). It is expected |p],p^,p| (see also and refs. there) that a 
similar relation is true also between correlators of chiral SYM operators and terms in the action 
of D = 10 IIB supergravity compactified on which correspond to the KK modes. 

For example, in addition to 15 vectors of SU (4) the J\f = 8, D = 5 GSG action contains 
also 6 self-dual antisymmetric tensors (dual to 12 vectors in ungauged case and having kinetic 
terms which are of first order in derivatives e'^'^^'^'' B^^^Di^B^^p) which are counterparts of the 
6 self-dual antisymmetric tensors r^„ of I? = 4 CSG theory. 
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These should thus originate from certain cubic terms on the GSG side. In particular, 
one should be able to reproduce the scalar term / d'^x a d^ip*d'^Lp in ( p78|) by start- 
ing with the / d^x^g^^ d^Lp* dij(^ term in the GSG action and replacing the fields by 
their classical expressions on the AdSs background with the boundary conditions re- 
lating them to the D = A fields. The same should be true for the vector terms 

As was pointed out in 0, the presence of the Chern-Simons term J A A dA A dA in 
the D = 5 GSG action is related to the SU (4) anomaly ( ^77|) in the SYM action (see 



also This implies that this CS term in the GSG action evaluated on the solution 

of the Dirichlet problem should reproduce the 3-point anomalous term ( p.9|) in W. 

Following the same logic in the case of the conformal anomaly and considering the vari- 
ation of the D = 5 GSG action under the Weyl transformation of the metric concentrated 
at the boundary we immediately reproduce the term in the D = 4 conformal anom- 
aly relation ( ^.6| ) (note that the Maxwell action is not conformally invariant in D = 5). 
Similar argument should apply (though in a less straightforward way) also to the scalar 
and graviton termslll in the D = 5 GSG action: expressing the D = 5 fields in terms of 
their boundary values one should get (to the second order in the scalar and graviton fields) 
Jd^x a{d^(t)f Jd^x a{d^(j))^, J d^x {a R+^D^a) J d^x a{d^htn?. We shaU not 
discuss the anomalous 3-point terms any further in this paper .0 

The simplest non-anomalous 3-point function involving graviton is the scalar-scalar- 
graviton one.0 The term J d^x dfj,(pd,j(phf^^ in the GSG action should reproduce, in par- 
ticular, the divergent (pcph term in W contained in the (fA^cp part of the GSG action ( |2.5|) . 
We shall compute this dilaton-dilaton-graviton function in section 5. 



Indeed, the transformation 5 A = da gives the boundary term J d^x aFF* , where a (having 
the meaning of the SU (4) gauge parameter) is the restriction of a to the boundary and V = A\dM- 
The term hnear in the Weyl variation of the D = b Einstein term is determined from 
i^R)' = Vffe(^-2)-[i? + 2(D - 1)VV -{D- 1){D - 2){\/af], where g'^^ = e^'^gmn- 

To reproduce them from the D = 5 action in a systematic way seems to require to take into 
account some extra boundary contributions in the evaluation of the 3-point terms in the action 
which result from 'subleading' contributions to the leading-order solution of the Dirichlet problem 
for the graviton discussed in the next section. 

"""^ Note that there are no massless scalar-vector-vector couplings both in the D = 4 CSG and 
and the D = 5 GSG actions. 3-point terms involving vectors only and vectors and massive KK 



scalars were systematically discussed in [|2^ . 
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4. Metric perturbations on AdS^+i background and graviton 2-point function 

4.1. Notation and review of the scalar 2-point function 

We shall follow and consider the Anti de Sitter space of dimension D = d + 1 with 
Euclidean signature and the (half-space) metric 

ds"^ = go^udx^dx^ = -^{dxg + dx'^) , i = 1,2, d . (4.1) 

Xq 

In this hyperbolic space all conformal symmetries (e.g., scalings and inversions) are isome- 
tries. This space has two boundaries: xq = 00, which is a single point, and xq = which is 
i?*^. The whole boundary is topologically S'^. At xq = boundary we will use the flat 
metric gsab = Sab which is conformally related to goij (lOD.Ill The AdSd+i bulk indices 



will be denoted by fx, i',a,(3, ... and will take values 0, 1, d. We shall use the notation 
X = {xq, x), X = {xi), i = 1, d. The boundary indices will be labelled by a, h, ... = 1, d 
(which, in general, should be distinguished from i,j,...). The bulk indices will be raised 
and lowered by metric ( |4.1j ). Since the boundary metric is flat, we will not distinguish 
between the upper and lower boundary indices. 

Let us start with a brief review (following 0) of the calculation of the term bilin- 
ear in the scalar fleld. Considering the Euclidean action for a massive scalar /(0) = 
^ J d'^'^^x^y^Kd^cj))'^ + m?(j)'^] we are to solve D^cp — m?(j) = with the Dirichlet bound- 
ary condition (j){xo = 0,x) = 0o(a^)- For this we need to flnd a 'propagator' /C which 
approaches a 5-function at the boundary. One may choose the 5-function source to be 
located at = C)0. Since both the boundary condition and the metric do not depend 
on X, we can take to be a function of xq only. Then the equation of motion simplifles 
and the two independent solutions are: (p{xo) = x^"^ , A± = ^{d± y/d'^ + Am?). The one 
which satisfles the boundary condition is K,{xq) = ^(xq) = x^^ . Next, we perform the 
coordinate inversion which maps the point = 00 to the point x = {xq = 0, x = x'). 



^^^Y' f =\x-x'\'^ = xl + x'^ , x' = x'-x''. (4.2) 



It is easy to see that {\i.2\) is an isometry of AdS space and maps the boundary to itself 
(at the boundary it induces a conformal transformation). After the inversion /C(xo) — 



This flat metric is diflFerent from the induced metric gsij on the hypersurface Xo = t —>■ 
close to the boundary, where the total-derivative part of the bulk integrals appearing below will 
be computed. 
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K.{xqj x; x') = (^)^+. By superposition, we find the general solution of the Dirichlet 
problem 

(t){Xo,x) = Cdm / d'^x' .0,1^° ^/l9^A M^') i (4-3) 

J (Xq + \x — x'|^)^+ 

where Cdm = ^d/2p(^|L i • '^^^ G-eld 0o has the boundary theory interpretation of a scalar 
with conformal dimension d — A^. Plugging the solution (|4.3D into the action 7(0) we find 



(xo = e ^ 0) P,P5 



/ = -|cd^(2A+ - (i) f d'^xd'^x' 



+ \x- 



(4.4) 



This determines the two-point function of a conformal operator O with dimension A_(_, 
which couples to (j)Q (via / d'^xcp^O) in the boundary theory. 

4-2. Quadratic term in the gravitational action 

Below we shall consider the second-order term in the gravitational action expanded 
near AdS background. The leading-order solution of the Dirichlet problem for the gravita- 
tional perturbation we shall find allows also to find the cubic terms in the action involving 
gravitons (which determine the 3-point correlators of conformal field theory involving the 
energy-momentum operator). One particular such term (dilaton-dilaton-graviton one) will 
be discussed in section 5. Given that the AdS space is a solution of the same action one is 
perturbing, the gravitational perturbation case is more subtle than the scalar and vector 
cases considered in [|],||,|4[^ . 



Our starting point is the Einstein action with a cosmological constant A in d -|- 1 
dimensions 

I = lM+IdM . Im= I d'^+^x ^{R - 2A) , (4.5) 

Jm 

IdM + IdM^ 4M = '^f d''xy^K= 2dr, f d'^x^, (4.6) 

JdM JdM 



4m = « / d'^x^. (4.7) 



'dM 

Here qb is the metric at the boundary and K is the trace of the extrinsic curvature of the 
boundary, i.e. is the standard boundary term Having the volume (cosmological) 

term added to the Einstein action, it is natural to introduce also the additional boundary 



Choosing a coordinate system at the boundary in which = (1, 0, 0) and ^ = ^/qb, we 
have K = Dcn°' = -^da{./gEn") = -^dn./g^, so that j^^^d'^x^^K = Jgj^,jd'^x dn^/gs = 
IdM d'^x^ . 
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(2) 

term proportional to the area of the boundary. The coefficient a of this term wiU be 
chosen so that to ensure the conformal invariance of the action computed on the solution 
of the Dirichlet problem. 

We shall expand the metric near the M=AdSd+i background gfj,i, qq^^ + h^v, 
i.e. R^j, Rqhu + Rifiiy + R2^iv + ••• ■ The background metric g^^j, = Xq'^S^^, satisfies 
Rofj.u = ■d^9o^J.l^Ro, Ro = R = -^zy^A, where, as in 0, we have set A = —^d{d — 1), i.e. 
R = —d{d +1). To the first order in /i^^,, the Einstein equations become 

Ri^^u + dh^, = 0. (4.8) 

Computing the value of the Einstein Lagrangian to the second order in the perturbation 
near the AdS^+i solution we get 

V^(i? - 2A) = -2rf + £2 + Vd^D^r + Oih^) , (4.9) 

where -Do-t" represents the total derivative terms (D^ is the covariant derivative with 
respect to the background AdS metric go and = g^'^hp^j, h = h^) 

r = h'^^'D^h + D'^h^l^hp^ - Df.ih^^h'^) - \hD'^h + IhD'^h'^p - D'^h + D^h^^p . (4.10) 

C2 is the action for a free graviton in the AdS backgound, 

+ d Cih' - h-.K)] . (4.11) 
Using the equations of motion for /i^,^, we find that C2 reduces to a total-derivative term 

C-2 = Va^D^v'' , = \[hD^h - Df,{hh^f) - h^^'D^h^, + 2/i^'^Z),/i^] . (4.12) 

At the boundary we shall choose the gauge in which /iq = /iq = so that 

\f9B = y/goB{l + \'^-\hlh] + \h? + ...) , h. = g]^hij, = Xq 

and £ = -a^oal^. Then 

. .rw . ...... ... 1 ^ ^^^^^^ 



-d 



DM 



^dM ~ ^ d X Xq 



— (1 + ih - Ihlh) + ih^) - l{doh - hidoh] + ih^oh) 

Xq 



and 



/g, = a [ d'x x^'il + ih - Ih^h^ + ih^) . (4.14) 

JdM 
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Here (and below in all boundary integral expressions) xq = e ^ 0. 

Rewriting ( |4.1U[ ), p.l2D in the explicit form, substituting the resulting expressions into 



the action Im (|4.5| ) and combining its non-constant part with J^^f (|4.13|) and I^qI^ ([4.14| ) 
we findi^ 



JdM 

+ [2{d - 1) + a] / d'^x x^'^ (1 + ^h - ^hlh) + ih2) , 

JdM 



(4.15) 



where we have omitted the terms proportional to and which vanish at the boundary. 
Fixing the constant in the boundary area term (|4.7| ) to be a = —2{d—l) so that the second 
term in ( |4.15| ) vanishes (implying, in particular, the vanishing of the volume divergence 
in the boundary theory), we get the following simple result for the quadratic term in the 
action 

/ = / d'^x xl-'' {\Kdoh] - ^hidjK) . (4.16) 

JdM 

As we shall see below, ( f4.16| ) leads to the expected conformally invariant expression for 
the graviton 2-point function. 

4-3. Solution of the Dirichlet problem and graviton 2-point function 



We would like to solve the Einstein equations ( [4.8|) with the Dirichlet conditions at 
the boundary. We shall use h'^ = g^^^hp^ = x^h^i, as the basic variables (they are equal to 
the vielbein components of the metric perturbation in the present case of the conformally 
fiat background metric go). We shall assume that /iqo = ^oi = at the boundary,^ i.e. 
impose the following boundary conditions 

h){xo = 0, x) = hab{x) , hoo{xo = 0) = hoi{xo = 0) = , (4.17) 

where h'j = gQ^hki and hab is the fixed boundary value of the metric perturbation. One 
would like to find the solution which approaches a 5-function at the boundary. As in the 



20 Note that / d'^+^x {C2 + ^^D^t"") = J d'^x^n°'{va, + tc) = / d'^x xl^'^ivo + to). The 
derivative terms in Iqm (the terms in the second parenthesis in ( [4.13D ) cancel the corresponding 
terms in to (i.e. the remaining derivative terms in / are the same as in vq). This is the expected 
effect of the boundary term /^^^ (it should compensate those terms in the variation of the Einstein 
action which give rise to the normal derivatives of the metric at the boundary). 

Starting with nonvanishing hoo, hoi at the boundary we can make a gauge transformation to 
set them equal to zero without affecting the value of h). 
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scalar case discussed above 0, one may first find a solution which approaches 5-function 
at xq = oo, i.e. satisfies the boundary condition 



Kj{xo oo, x) ^ cxD , ^00(3^0 ~^ 00) = hoi(xQ 00) = , (4-18) 

(implying also hij{xo 00, x) 00) and then use the inversion transformation. Again, 
it is sufficient to take hf^^, to be a function of xq only. The traceless part hij of hij then 
satisfies 

dohj - '^—^dohj - ^i^-^ = , gi%j = . (4.19) 

Xq Xq 

The solution which vanishes at a;o = and blows up at xq = 00 is hij ~ ■ The 
equations for the trace h = Qq hij of hij and /iqo are equivalent to the constraint 

hoo = -^{2h + xodoh) . (4.20) 

It is straightforward to check that hoi does not couple to hij and hoQ. In view of ( [4.18| ), 
we can consistently set /iqo and hoi to be zero everywhere. Then the only non-vanishing 
solution of (WM ) is h ~ Xg . This does not satisfy the boundary condition ( [1.1 8|) , so that 
we should set h = 0. 

The solution of (^), (p^ ) is thus 

hij{x) = Kd XQ~^Pijabhab , hoQ = /igi = , (4.21) 

where hab is an arbitrary tensor (which will be related to the perturbation of the metric 
at the boundary), k^, is a normalization constant to be determined later, and Pijab is a 
traceless projector (recall that — XqS'^^; the indices a, b are contracted with flat metric) 

Pijab = ^{Sia^jb + Sja5ib) - ^^ijSab ■ (4.22) 

Performing now the inversion (|4.2| ) {x = {xq, x),x' = (xq, x')) 

h^u / Jij,p{x X ^Jv\{x X ) hpx{x) , / = |x X I = Xq + |x X I , 

with J^u{x) defined byll 

J,Ax) = 5,^ - , (4.23) 



The indices of products of Jf^u and Pijab will always be contracted with flat metric. 
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we transform (^4.21 ) into 



d-2 

Jj r 



/ 

The general solution is found by superposition 



/X 
'P -^^^^^ ~ ~ Pijab Kb{x) . (4.24) 

Since 

xo^o{xl + \x-x'\'^Y ^ ' ' 7rlr(f) 



lim 



J,fc(x - X')J,1{X - x')Pklab = J—- C^' P^Jab 5^''\x - x') , (4.25) 



we set 



AC. = , (4.26) 

a — 1 



to ensure that /i^ reduces to hab at the boundary. 

Alternatively, we can perform the gauge transformation, 



to get a more 'transparent' expression for h^, 

/ 2 I -/I2^rj hah{x) , (4.27) 
[xq + Ix — x'\^)'^ 

Ki^o, x) = ^ [ , of! B,at{x - x') K,{x') , (4.28) 

^o(^o,x) = I rfV C^tix - x') ^„,(f' ) , (4.29) 



where 



ener; 



■^iab — j^diJjk{,X X ) Pjkab 5 Cab — Jiji^X X ^Pijab 

Since hj approaches hab for xq — > (while /iq^^o 0); ^ab should thus couple to the 
gy momentum tensor of the boundary conformal field theory .HI The consistency of this 



2^ That h^j is the relevant variable follows also from expanding the Born-Infeld action of a 
D3-brane probe in the AdSs background. 
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interpretation can be confirmed by making a scale transformation or inversion in the AdS 
space (which are isometries in the bulk, inducing conformal transformations at the bound- 
ary). It is easy to check using ( [4.24| )-( ^.29|) (and following the method described in []25[| ) 
that the induced transformation on hab indeed coincides with the conformal transformation 
of the graviton field in R'^. 

Using (14:271) , (lOSD we find 



where \x — x'p = Xq + |x — x'p and X is defined by 

2{d+l) 

-^ahcd\'^) — i^ahcd TTi (^foc-^a^c/ "l~ ^bd^a^c ~l~ ^ac'^b'^d ~l~ ^ad^b'^c) ~l~ i i"^ ^a'^b^c'^d • 



Substituting these expressions into ( ^4.16| ), we finally obtain the following result for the 
quadratic part of the action 



id Ud II habix')Habcd{x' - X")hcd{x") 



where bd = = fld-i] and 

Habcd{x) = \{JacJbd + JadJbc) — ^^ab^cd 

1 4 

= Pabcd - 7—p?{SbcXaXd + hdXaXc + ^acXbXd + ^adXbXc) + ^TJ^aXbXcXd ■ (4.32) 

x r \xr 



The kernel in (|4.31| ) (with xq 0, |xp = + |xp — > |xp) has precisely the structure 
expected for the correlator of the two energy-momentum tensor operators in a conformally 
invariant theory (see, e.g., [p8| , p3| ). 

We have obtained ( [4. 311 ) by starting with the full expression for the D = gravi- 
tational action ( [4.5|) which includes the standard boundary term (|4.6|) and the boundary 



area counter-term ( |4.7| ) . Since the quadratic action ( [4.11| ) for a free graviton in AdS space 
is invariant under the conformal transformations, it is natural to expect, at the same time, 
that one should get a conformally invariant expression by just starting with C2 alone 
(P1|),(P^). This is indeed the case: plugging (|]^) into ( P^ ), one finds (|OTD (though 



with a different normalization factor). A non-trivial issue (which is important for the dual- 
ity between the type IIB supergravity on AdS^ x and N = A SYM) is the agreement 
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of the normalization factors. We expect that the correct normahzation of anomaly-related 
terms is obtained only if one starts with the action that includes all relevant boundary 
terms (with the condition of cancellation of the boundary power divergence used to fix 
their relative coefficients). At the same time, the boundary terms should not be relevant 
for the conformally-invariant higher-point functions given by the bulk integrals. 

Specifying to the case of D = 5 {d = 4) and using the momentum representation 
we conclude that ( |4.31j ) coincides with the quadratic term ( p.2| ) in the effective action ( |2.10| ) 
(with the D = 51R cutoff xq = e ^ being related to the d = 4 UV cutoff A in (^) and 

hmn ~ hab)- 



5. Graviton-dilaton-dilaton 3-point function 

Our aim here will be to compute the hcpcp part of the term (0 is a massless scalar) 

1=1 J d'^+'x ^g^''d^ci>d,<i> (5.1) 

in the action of the D = d + 1 dimensional gauged supergravity theory on the solution 
of the Dirichlet problem in AdSd+i background and demonstrate the agreement with the 
expected form of the corresponding 3-point function in the boundary conformal theory. 

Let us first consider a simpler example of interacting scalar theory (see also ||2^ , p4| ): 
/(0) = / d'^^^x [^d^(t)d^(t)-\-V{cl))] . The equation of motion with the Dirichlet bound- 
ary condition 

D^(j) = V'{4>) , (t>{xo = Q,x)=M^) 

is solved, to leading order in perturbation theory, by 

+ 02, 1?'01=O, D2 02 = V^'(0l) , 

where 

0^ = j d'^x' IC{xo,x;x') Mx') , (1)2 = j dx'^d'^x' G{xo,x;x'q,x')V'{4)i{x')) . (5.2) 

Here /C(x, x') = /C(xo,a;;x') is the 'propagator' introduced in section 4.1 and G{x,x') = 
G{xq, x; x'q, x') is the standard Dirichlet Green function, i.e. 

}C{xo, x; x) = ^fgB n"'dctG{xQ, x; Xq 0, x') , G{xo — > 0, x; x'q, x') — > . (5.3) 



Substituting the solution ( |5.2| ) into the action /(0), we find, to the leading order in V, 



7(0) = J d''+^x ^ [ld^<pid^(pi + a^0ia^02 + ^(0i)] = /o + /i , 



16 



where Iq = ^ f d'^^^ x ^/g^d^ (f)id was computed in section 4.1 (eg. (^^) with m = 0) and 
h = I d'^x ^ 02 + / d'^+^x ^ = [ d'^+^x ^ , (5.4) 

JdM Jm Jm 

where we have used that 02|9m = 0.0 Thus to find the lowest order scalar 3-point function 
of the we need only to plug the free-field Dirichlet problem solution 0i into the potential 
term in the action ( |5.4|) . 

Let us now return to our problem ( [5.11 ). Taking g^^, = g^^^ + h^^, expanding to the 



lowest order in h^jj and following the same steps as in the pure scalar case, we find 

I^ = -\j d^+'x^oh^^TIi , (5.5) 
where T^f is the energy-momentum tensor of the dilaton field in the AdSd+i background 

Ti; = g^''d^ct>d,(t> - ISi^g^^'dpcjyd^cj) . 
The solutions for (p and are given by ( [4.3| ) (with m = 0, = d) and ( [4.24| ), i.e. 



0(x) =Cd d'^y IC{x,y) 0o(f) , IC{x,y) 



Xq 



\x-y 



2d 



h^^ix) = j d'^y K.{x, y) J^i{x - y)Jj,j{x - y) Pijab Kbiy) , (5.6) 



with x = (0,f), y = {0,y), ca = i^d = and J^u{x) defined in ( |4.23|) . Then 

(p.5|) takes the form 



h = / d'^x d'^y d'^z Aabix.y.z) hab{x) Mv) M^) , (5.7) 



with 



Aiij{x,y,z) = I IC{w,x) J^i{w ~ x)J„j{w - x) dfj,IC{w,y) d„}C{w,z) 



A2ij{x,y,z} = [ ^'^"^ IC{w,x) J^i{w - x)J^j{w ~ x) wl dpJC{w,y) dplC{w,z) 



Since the boundary condition is saturated by 4>i, the correction 02 should go to zero at 
the boundary. In the case of a compact source, this condition is satisfied automaticahy as a 



consequence of (5.3). Since the source V'{(j)i) does not vanish at the boundary, (|5.2|) may have 



an extra boundary contribution. Here we shall ignore this problem. 
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where the repeated indices are contracted with flat metric and aU derivatives are with 



respect to w. Using the technique developed in it is straightforward to evaluate the 
above integrals. We find that A2 = and 



X 



If we define 



Aiij — 



\x — ?7p 



2TTi [r(f + 1)] 
' V{d+l)V{d + 2) 



Xi 1 f '^'^ 

|x — \x — yl"^ 



1 



1 


1 


1 
















\z-y? 


■ (5 


\x — 


d \x - 


- y\^\x — zp 




Kiy, z) 


•^a Va 




\x — 


\x — 



then the kernel in ( p.7| ) takes the form 

= — ^ — Kbiy,z)' 



X — y\'^ 2|^_£|d 2|^_^|(i+2 



(5.9) 



Aaf, has precisely the same structure as the conformally-invariant correlation function of 
the three composite conformal operators coupled to graviton and two massless scalars (see, 



e.g., [0, p. 104). 

The conformal Ward identity requires 



< Tabix)Oiy)Oiz) >-- 



dA+ Ti 



\d-2 



< 0{y)0{z) >, (5.10) 



d—12iT^'^ \x — y\\x — z\ 

where A_|_ is the conformal dimension of a scalar operator O (see section 4). HI In the case 
of the operator coupled to the massless dilaton (A_|_ = d), assuming that the coupling at 
the boundary of AdSs is given by / d'^x{^habTab + (l>o^)^ we get 



< Tab{x)0{y)0{z} >= 4Aab{x, y, z) 



(5.11) 



The standard differential form of the Ward identity is 

m 

da < TabOl...Om >= " J2^S{x - Xfc)^? + -] < Ol...Om > 



k = l 



where the dots in the square brackets denote possible contact terms. For the 3-point function, 
the conformal invariance requires the correlator to take the form (5.10) up to an overall constant. 
To find the constant, we have first to regularize (5.10), and then take the derivative over x. Then 
the Ward identity in difi^erential form given above will determine the overall constant to be the 
one in (5.10). The differential form of (5.10) is 



O: <Tabix)0i{y)02{z) >-- 



6{x-y)dy,+6{x-z)d^-^[d^,5{x-y) + d^,6{x-z)] 



< O1O2 > 



Note that the contact terms are also determined from the conformal symmetry. 
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It is easy to check that with Aab given in (5^), the relation ( 5.10 ) is indeed satisfied. 

The above result for the graviton-scalar-scalar function can be generalised to the 
massive scalar case and is again found to be consistent with the Ward identity (|5.10|) . For 
a massive scalar Tjf = gl^'^ dcr4>du(p — ^^Hido'^ dpCpda-cf) + ?7j,^0^), and Aab in ( |577| ) is given by 



(5.12) 



with 

Aiij {x, y, z) 
A2ij{x,y,z) 



J Wn 



dwod'^w 



d+ 



— IC{w,x) J^i{w - x)Jf_,j{w - x) Wq dplCA+{w,y) dp}CA+iw,z) , 



Asij{x,y,z) = rri^ f ^^o^^^ /C(w,x) J^i(w - x) J^j(w - x)/Ca+(w, 1/) ICA+iw,z), 

J Wr. 



where we have used ( ^73|) and ICa+{w,z) = ( \J^°z\'^ )^~^ ■ Since A_|_(A+ — d) = vn? we find 
that A2 + ^3 = 0, while 



AiijPijab = -7Afb(^,^) (- 



\z-y\ .d-2 



1 



1 = 



\x — y\\x — z\ \z — y 

2vrfA+(A+-irf)r(A+-id)[r(f + i)]2 



2A_i 



r(A+)r(d + 2) 



(5.13) 



Observing that 



27 l^dCdr 



dA+ Til: 

d-l 



(A+ - \d) Cdr 



it follows from ( [4.4| ) that the Ward identity ( |5.1U| ) is also satisfied in the massive case. 
Note that this is an independent confirmation that the normalization ||2^ in (|4.4|) is the 
consistent one. 



6. Concluding remarks 

We have thus established the explicit relation between the quadratic term in the 
D = 5 Einstein action in the AdSs background and the quadratic term in the Weyl tensor 
squared part of the quantum effective action of the D = 4 SYM theory in the conformal 
supergravity background. 

As was already mentioned above, it would be very interesting to understand, in par- 
ticular, how to extend the equivalence between the logarithmically IR singular part of the 
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D = 5 gauged supergravity action evaluated on the solution of the Dirichlet problem and 
the D = 4 conformal supergravity action ( p.4|) ,( p75|) to the full non-linear level, and thus 
'derive' the D = 4 conformal supergravity (Weyl +...) action from the D = 5 gauged 
supergravity (Einstein +...) action. 

A simple test of this correspondence between the two gravitational actions beyond 
quadratic level would be to check explicitly that the divergent part of the 3-point function 
( p.7| ) is indeed in agreement with the h(p(f) term in the (p^A^cp part of the CSG action ( |2.5| ). 
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